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ORBIFOLDS OF LATTICE VERTEX ALGEBRAS
UNDER AN ISOMETRY OF ORDER TWO
BOJKO BAKALOV AND JASON ELSINGER
Abstract. Every isometry σ of a positive-definite even lattice
Q can be lifted to an automorphism of the lattice vertex algebra
VQ. An important problem in vertex algebra theory and conformal
field theory is to classify the representations of the σ-invariant
subalgebra V σQ of VQ, known as an orbifold. In the case when σ is
an isometry of Q of order two, we classify the irreducible modules
of the orbifold vertex algebra V σQ and identify them as submodules
of twisted or untwisted VQ-modules. The examples where Q is a
root lattice and σ is a Dynkin diagram automorphism are presented
in detail.
1. Introduction
The notion of a vertex algebra introduced by Borcherds [B1] pro-
vides a rigorous algebraic description of two-dimensional chiral confor-
mal field theory (see e.g. [BPZ, Go, DMS]), and is a powerful tool for
studying representations of infinite-dimensional Lie algebras. The the-
ory of vertex algebras has been developed in [FLM2, K2, FB, LL, KRR]
among other works. One of the spectacular early applications of ver-
tex algebras was Borcherds’ proof of the moonshine conjectures about
the Monster group (see [B2, Ga]), which used essentially the Frenkel–
Lepowsky–Meurman construction of a vertex algebra with a natural
action of the Monster on it [FLM2].
The FLM vertex algebra was constructed in three steps (see [FLM2,
Ga]). First, one constructs a vertex algebra VQ from any even lat-
tice Q (see [B1, FLM2]) by generalizing the Frenkel–Kac realization of
affine Kac–Moody algebras in terms of vertex operators [FK]. Second,
given an isometry σ of Q, one lifts it to an automorphism of VQ and
constructs the so-called σ-twisted VQ-modules [D2, FFR] that axiom-
atize the properties of twisted vertex operators [KP, Le, FLM1]. Then
the FLM vertex algebra is defined as the direct sum of the σ-invariant
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part V σQ and one of the σ-twisted VQ-modules, in the special case when
σ = −1 and Q is the Leech lattice.
In general, if σ is an automorphism of a vertex algebra V , the σ-
invariants V σ form a subalgebra of V known as an orbifold, which
is important in conformal field theory (see e.g. [DVVV, KT, DLM1]
among many other works). Every σ-twisted representation of V be-
comes untwisted when restricted to V σ. It is a long-standing conjec-
ture that all irreducible V σ-modules are obtained by restriction from
twisted or untwisted V -modules. Under certain assumptions, this con-
jecture has been proved recently by M. Miyamoto [M1, M2, M3], and
he has also shown that the vertex algebra V σ is rational, i.e., every
(admissible) module is a direct sum of irreducible ones.
In this paper, we are concerned with the case when Q is a positive-
definite even lattice and σ is an isometry of Q of order two. We classify
and construct explicitly all irreducible modules of the orbifold vertex
algebra V σQ , and we realize them as submodules of twisted or untwisted
VQ-modules. In the important special case when σ = −1, the classifica-
tion was done previously by Dong–Nagatomo and Abe–Dong [DN, AD].
Our approach is to restrict from V σQ to V
σ
L where L is the sublattice
of Q spanned by eigenvectors of σ. The subalgebra V σL factors as a
tensor product VL+ ⊗ V
σ
L−
, where L± consists of α ∈ Q with σα = ±α,
respectively. By the results of [DLM2, ABD, DJL], every V σL -module is
a direct sum of irreducible ones. We describe explicitly the irreducible
V σL -modules using [FHL, DN, AD], and then utilize the intertwining
operators among them [A1, ADL] to determine the irreducible V σQ -
modules. A new ingredient is the introduction of a sublattice Q¯ of Q
such that V σQ = V
σ
Q¯
and σ has order 2 as an automorphism of VQ¯ (while
in general σ has order 4 on VQ).
Our work was motivated by the examples when Q is the root lattice
of a simply-laced simple Lie algebra and σ is a Dynkin diagram au-
tomorphism, which are related to twisted affine Kac–Moody algebras
[K1]. We also consider the case when σ is the negative of a Dynkin
diagram automorphism, which is relevant to the Slodowy generalized
intersection matrix Lie algebras [S, Be].
The paper is organized as follows. In Section 2, we briefly review
lattice vertex algebras and their twisted modules, and the results for
σ = −1 that we need. Our main results are presented in Section 3.
The examples when Q is a root lattice of type ADE are discussed in
detail in Section 4.
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2. Vertex algebras and their twisted modules
In this section, we briefly review lattice vertex algebras and their
twisted modules. We also recall the case when σ = −1, which will be
used essentially for the general case. Good general references on vertex
algebras are [FLM2, K2, FB, LL, KRR].
2.1. Vertex algebras. Recall that a vertex algebra is a vector space
V with a distinguished vector 1 ∈ V (vacuum vector), together with a
linear map (state-field correspondence)
(2.1) Y (·, z)· : V ⊗ V → V ((z)) = V [[z]][z−1] .
Thus, for every a ∈ V , we have the field Y (a, z) : V → V ((z)). This field
can be viewed as a formal power series from (EndV )[[z, z−1]], which
involves only finitely many negative powers of z when applied to any
vector.
The coefficients in front of powers of z in this expansion are known
as the modes of a:
(2.2) Y (a, z) =
∑
n∈Z
a(n) z
−n−1 , a(n) ∈ End V .
The vacuum vector 1 plays the role of an identity in the sense that
a(−1)1 = 1(−1)a = a , a(n)1 = 0 , n ≥ 0 .
In particular, Y (a, z)1 ∈ V [[z]] is regular at z = 0, and its value at
z = 0 is equal to a.
The main axiom for a vertex algebra is the Borcherds identity (also
called Jacobi identity [FLM2]) satisfied by the modes:
∞∑
j=0
(
m
j
)
(a(n+j)b)(k+m−j)c =
∞∑
j=0
(
n
j
)
(−1)ja(m+n−j)(b(k+j)c)
−
∞∑
j=0
(
n
j
)
(−1)j+n b(k+n−j)(a(m+j)c) ,
(2.3)
where a, b, c ∈ V . Note that the above sums are finite, because a(n)b = 0
for sufficiently large n.
We say that a vertex algebra V is (strongly) generated by a subset
S ⊂ V if V is linearly spanned by the vacuum 1 and all elements of
the form a1(n1) · · ·ak(nk)1, where k ≥ 1, ai ∈ S, ni < 0.
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2.2. Twisted representations of vertex algebras. A representa-
tion of a vertex algebra V , or a V -module, is a vector space M en-
dowed with a linear map Y (·, z)· : V ⊗M → M((z)) (cf. (2.1), (2.2))
such that the Borcherds identity (2.3) holds for a, b ∈ V , c ∈ M (see
[FB, LL, KRR]).
Now let σ be an automorphism of V of finite order r. Then σ is
diagonalizable. In the definition of a σ-twisted representation M of V
[FFR, D2], the image of the above map Y is allowed to have nonintegral
rational powers of z, so that
Y (a, z) =
∑
n∈p+Z
a(n) z
−n−1 , if σa = e−2πipa , p ∈
1
r
Z ,
where a(n) ∈ EndM . The Borcherds identity (2.3) satisfied by the
modes remains the same in the twisted case, provided that a is an
eigenvector of σ. An important consequence of the Borcherds identity
is the locality property [DL, Li]:
(2.4) (z − w)N [Y (a, z), Y (b, w)] = 0
for sufficiently large N depending on a, b (one can take N to be such
that a(n)b = 0 for n ≥ N).
The following result provides a rigorous interpretation of the operator
product expansion in conformal field theory (cf. [Go, DMS]) in the case
of twisted modules.
Proposition 2.1 ([BM]). Let V be a vertex algebra, σ an automor-
phism of V , and M a σ-twisted representation of V . Then
(2.5)
1
k!
∂kz
(
(z − w)N Y (a, z)Y (b, w)c
)∣∣∣
z=w
= Y (a(N−1−k)b, w)c
for all a, b ∈ V , c ∈ M , k ≥ 0, and sufficiently large N . Conversely,
(2.4) and (2.5) imply the Borcherds identity (2.3).
Recall from [FHL] that if V1 and V2 are vertex algebras, their tensor
product is again a vertex algebra with
Y (v1 ⊗ v2, z) = Y (v1, z)⊗ Y (v2, z) , vi ∈ Vi .
Furthermore, if Mi is a Vi-module, then the above formula defines the
structure of a (V1 ⊗ V2)-module on M1 ⊗M2 (see [FHL]). This is also
true for twisted modules.
Lemma 2.2. For i = 1, 2, let Vi be a vertex algebra, σi an automor-
phism of Vi, and Mi a σi-twisted representation of Vi. Then M1⊗M2
is a (σ1 ⊗ σ2)-twisted module over V1 ⊗ V2.
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Proof. By Proposition 2.1, it is enough to check (2.4) and (2.5) for
a = a1⊗a2 and b = b1⊗b2, given that they hold for the pairs a1, b1 ∈ V1
and a2, b2 ∈ V2. This is done by a straightforward calculation. 
2.3. Lattice vertex algebras. Let Q be an integral lattice, i.e., a free
abelian group of finite rank equipped with a symmetric nondegenerate
bilinear form (·|·) : Q × Q → Z. We will assume that Q is even, i.e.,
|α|2 = (α|α) ∈ 2Z for all α ∈ Q. We denote by h = C ⊗Z Q the cor-
responding complex vector space considered as an abelian Lie algebra,
and extend the bilinear form to it.
The Heisenberg algebra hˆ = h[t, t−1] ⊕ CK is the Lie algebra with
brackets
(2.6) [am, bn] = mδm,−n(a|b)K , am = at
m ,
where K is central. Its irreducible highest-weight representation
F = Indhˆ
h[t]⊕CK C
∼= S(h[t−1]t−1)
on which K = 1 is known as the (bosonic) Fock space.
Following [FK, B1], we consider a 2-cocycle ε : Q×Q→ {±1} such
that
(2.7) ε(α, α) = (−1)|α|
2(|α|2+1)/2 , α ∈ Q ,
and the associative algebra Cε[Q] with basis {e
α}α∈Q and multiplication
(2.8) eαeβ = ε(α, β)eα+β .
Such a 2-cocycle ε is unique up to equivalence and can be chosen to be
bimultiplicative. In addition,
(2.9) ε(α, β)ε(β, α) = (−1)(α|β) , α, β ∈ Q .
The lattice vertex algebra associated to Q is defined as VQ = F ⊗
Cε[Q], where the vacuum vector is 1 = 1 ⊗ e
0. We let the Heisenberg
algebra act on VQ so that
ane
β = δn,0(a|β)e
β , n ≥ 0 , a ∈ h .
The state-field correspondence on VQ is uniquely determined by the
generating fields:
Y (a−11, z) =
∑
n∈Z
an z
−n−1 , a ∈ h ,(2.10)
Y (eα, z) = eαzα0 exp
(∑
n<0
αn
z−n
−n
)
exp
(∑
n>0
αn
z−n
−n
)
,(2.11)
where zα0eβ = z(α|β)eβ.
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Notice that F ⊂ VQ is a vertex subalgebra, which we call the Heisen-
berg vertex algebra. The map h → F given by a 7→ a−11 is injective.
From now on, we will slightly abuse the notation and identify a ∈ h
with a−11 ∈ F ; then a(n) = an for all n ∈ Z.
2.4. Twisted Heisenberg algebra. Every automorphism σ of h pre-
serving the bilinear form induces automorphisms of hˆ and F , which
will be denoted again as σ. As before, assume that σ has a finite order
r. The action of σ can be extended to h[t1/r, t−1/r]⊕ CK by letting
σ(atm) = σ(a)e2πimtm , σ(K) = K , a ∈ h , m ∈
1
r
Z .
The σ-twisted Heisenberg algebra hˆσ is defined as the set of all σ-
invariant elements (see e.g. [KP, Le, FLM1]). In other words, hˆσ is
spanned over C by K and the elements am = at
m such that σa =
e−2πima. This is a Lie algebra with bracket (cf. (2.6))
[am, bn] = mδm,−n(a|b)K , a, b ∈ h , m, n ∈
1
r
Z .
Let hˆ≥σ (respectively, hˆ
<
σ ) be the abelian subalgebra of hˆσ spanned by
all elements am with m ≥ 0 (respectively, m < 0).
The σ-twisted Fock space is defined as
(2.12) Fσ = Ind
hˆσ
hˆ
≥
σ⊕CK
C ∼= S(hˆ<σ ) ,
where hˆ≥σ acts on C trivially and K acts as the identity operator. Then
Fσ is an irreducible highest-weight representation of hˆσ, and has the
structure of a σ-twisted representation of the vertex algebra F (see
e.g. [FLM2, KRR]). This structure can be described as follows. We let
Y (1, z) be the identity operator and
Y (a, z) =
∑
n∈p+Z
an z
−n−1 , a ∈ h , σa = e−2πipa , p ∈
1
r
Z ,
and we extend Y to all a ∈ h by linearity. The action of Y on other
elements of F is then determined by applying several times the product
formula (2.5). More explicitly, F is spanned by elements of the form
a1m1 · · ·a
k
mk
1 where aj ∈ h, and we have:
Y (a1m1 · · · a
k
mk
1, z)c
=
k∏
j=1
∂(N−1−mj )zj
( k∏
j=1
(zj − z)
N Y (a1, z1) · · ·Y (a
k, zk)c
)∣∣∣
z1=···=zk=z
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for all c ∈ Fσ and sufficiently large N . In the above formula, we use
the divided-power notation ∂(n) = ∂n/n!.
2.5. Twisted representations of lattice vertex algebras. Let σ
be an automorphism (or isometry) of the lattice Q of finite order r, so
that
(2.13) (σα|σβ) = (α|β) , α, β ∈ Q .
The uniqueness of the cocycle ε and (2.13), (2.9) imply that
(2.14) η(α + β)ε(σα, σβ) = η(α)η(β)ε(α, β)
for some function η : Q→ {±1}.
Lemma 2.3. Let L be a sublattice of Q such that ε(σα, σβ) = ε(α, β)
for α, β ∈ L. Then there exists a function η : Q → {±1} satisfying
(2.14) and η(α) = 1 for all α ∈ L.
Proof. First observe that, by (2.7) and (2.13), (2.14) for α = β, we have
η(2α) = 1 for all α ∈ Q. Since, by bimultiplicativity, ε(2α, β) = 1, we
obtain that η(2α + β) = η(β) for all α, β. Therefore, η is defined on
Q/2Q. If α1, . . . , αℓ is any Z-basis for Q, we can set all η(αi) = 1 and
then η is uniquely extended to the whole Q by (2.14). We can pick a
Z-basis for Q so that d1α1, . . . , dmαm is a Z-basis for L, where m ≤ ℓ
and di ∈ Z. Then the extension of η to Q will satisfy η(α) = 1 for all
α ∈ L. 
In particular, η can be chosen such that
(2.15) η(α) = 1 , α ∈ Q ∩ h0 ,
where h0 denotes the subspace of h consisting of vectors fixed under σ.
Then σ can be lifted to an automorphism of the lattice vertex algebra
VQ by setting
(2.16) σ(an) = σ(a)n , σ(e
α) = η(α)eσα , a ∈ h , α ∈ Q .
Remark 2.4. The order of σ is r or 2r when viewed as an automorphism
of VQ, where r is the order of σ on Q. The set Q¯ of α ∈ Q such
that σr(eα) = eα is a sublattice of Q of index 1 or 2, and we have
(VQ)
σr = VQ¯.
We will now recall the construction of irreducible σ-twisted VQ-
modules (see [KP, Le, D2, BK]). Introduce the group G = C× ×
exp h0 ×Q consisting of elements c e
hUα (c ∈ C
×, h ∈ h0, α ∈ Q) with
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multiplication
eheh
′
= eh+h
′
,
ehUαe
−h = e(h|α)Uα ,
UαUβ = ε(α, β)B
−1
α,β Uα+β ,
where
Bα,β = r
−(α|β)
r−1∏
k=1
(
1− e2πik/r
)(σkα|β)
.
Let
Cα = η(α)U
−1
σαUαe
2πi(bα+π0α) , bα =
1
2
(
|π0α|
2 − |α|2
)
,
where π0 is the projection of h onto h0. Then CαCβ = Cα+β and all
Cα are in the center of G. We define Gσ to be the quotient group
G/{Cα}α∈Q.
Consider an irreducible representation Ω of Gσ. Such representations
are parameterized by the set (Q∗/Q)σ of σ-invariants in Q∗/Q, i.e., by
λ+Q such that λ ∈ Q∗ and (1− σ)λ ∈ Q (see [BK, Proposition 4.4]).
Furthermore, the action of exp h0 on Ω is semisimple:
Ω =
⊕
µ∈π0(Q∗)
Ωµ ,
where
Ωµ = {v ∈ Ω | e
hv = e(h|µ)v for h ∈ h0} .
Then Fσ ⊗ Ω is an irreducible σ-twisted VQ-module with an action
defined as follows. We define Y (a, z) for a ∈ h as before, and for α ∈ Q
we let
(2.17)
Y (eα, z) = exp
( ∑
n∈ 1
r
Z<0
αn
z−n
−n
)
exp
( ∑
n∈ 1
r
Z>0
αn
z−n
−n
)
⊗ Uαz
bα+π0α .
Here the action of zπ0α is given by zπ0αv = z(π0α|µ)v for v ∈ Ωµ, and
(π0α|µ) ∈
1
r
Z. The action of Y on all of VQ can be obtained by applying
the product formula (2.5).
By [BK, Theorem 4.2], every irreducible σ-twisted VQ-module is ob-
tained in this way, and every σ-twisted VQ-module is a direct sum of
irreducible ones. In the special case when σ = 1, we get Dong’s Theo-
rem that the irreducible VQ-modules are classified by Q
∗/Q (see [D1]).
Explicitly, they are given by:
Vλ+Q = F ⊗ Cε[Q]e
λ , λ ∈ Q∗ .
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When the lattice Q is written as an orthogonal direct sum of sub-
lattices, Q = L1 ⊕L2, we have a natural isomorphism VQ ∼= VL1 ⊗ VL2.
The following lemma shows that if L1 and L2 are σ-invariant, there is
a correspondence of irreducible twisted modules (cf. [FHL] and Lemma
2.2).
Lemma 2.5. Let Q be an even lattice, Q = L1⊕L2 an orthogonal direct
sum, and σ an automorphism of Q such that σ(Li) ⊆ Li (i = 1, 2).
Set σi = σ|Li. Then every irreducible σ-twisted VQ-module M is a
tensor product, M ∼= M1 ⊗M2, where Mi is an irreducible σi-twisted
VLi-module.
Proof. This follows from the classification of irreducible σ-twisted VQ-
modules described above. Indeed, Q = L1⊕L2 gives rise to a decompo-
sition of the Heisenberg Lie algebra as a direct sum hˆ = hˆ1⊕hˆ2. We also
have a similar decomposition for the corresponding twisted Heisenberg
algebras. Then for the twisted Fock spaces, we get Fσ = Fσ1 ⊗ Fσ2.
Similarly, the group G is a direct product of its subgroups G1 and G2
associated to the lattices L1 and L2, respectively. 
2.6. The case σ = −1. Now we will review what is known in the case
when σ = −1, which will be used essentially in our treatment of the
general case. In this subsection, we will denote the even integral lattice
by L instead of Q. As before, let h = C ⊗Z L be the corresponding
complex vector space.
Observe that h0 = 0, π0 = 0, and we can assume that η(α) = 1 for
all α ∈ L. Hence, the automorphism σ acts on VL by
(2.18) σ
(
h1(−n1) · · ·h
k
(−nk)
eα
)
= (−1)kh1(−n1) · · ·h
k
(−nk)
e−α
for hi ∈ h, ni ∈ Z≥0 and α ∈ L. The group G consists of cUα (c ∈
C×, α ∈ L), and its center consists of cUα with α ∈ 2L
∗ ∩ L. Then Gσ
is the quotient of G by {U−1α U−α}α∈L. The twisted Heisenberg algebra
is hˆσ = h[t, t
−1]t1/2 ⊕ CK.
For any Gσ-module T , define V
T
L = Fσ ⊗ T , where Fσ is the twisted
Fock space (cf. (2.12)). By [D2], every irreducible σ-twisted VL-module
is isomorphic to V TL for some irreducible Gσ-module T on which cU0
acts as cI, where I is the identity operator. Such modules T can be
described equivalently asG-modules, on which cU0 = cI and Uα = U−α.
The irreducible ones are determined by the central characters χ such
that χ(Uα) = χ(U−α) for α ∈ 2L
∗ ∩ L. We have:
U2α = UαU−α = ε(α,−α)B
−1
α,−αU0 ,
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which implies that
(2.19) χ(Uα) = s(α)e
πi|α|2(|α|2+1)/22−|α|
2
,
where s(α) ∈ {±1} satisfies s(α+β) = s(α)s(β). All such maps s have
the form
s(α) = (−1)(α|µ)
for some µ ∈ (2L∗ ∩ L)∗. The corresponding central characters χ will
be denoted as χµ, and the corresponding Gσ-module T as Tµ.
We define an action of σ on V TL by
(2.20) σ
(
h1(−n1) · · ·h
k
(−nk)
t
)
= (−1)kh1(−n1) · · ·h
k
(−nk)
t
for hi ∈ h, ni ∈
1
2
+ Z≥0 and t ∈ T . The eigenspaces for σ are denoted
V T,±L . Then we have
(2.21) σ
(
Y (a, z)v
)
= Y (σa, z)(σv) , a ∈ VL , v ∈ V
T
L ,
which implies that σ is an automorphism of V σL -modules. In partic-
ular, V T,±L are V
σ
L -modules. Similarly, we define an action of σ on
the untwisted VL-modules Vλ+L by (2.18) for α ∈ λ + L. Note that
σVλ+L ⊆ V−λ+L. Hence, if λ ∈ L
∗, 2λ ∈ L, then the eigenspaces V ±λ+L
are V σL -modules. On the other hand, if 2λ 6∈ L, then Vλ+L
∼= V−λ+L as
V σL -modules.
Theorem 2.6 ([DN, AD]). Let L be a positive-definite even lattice
and σ = −1 on L. Then any irreducible admissible V σL -module is
isomorphic to one of the following:
V ±λ+L (λ ∈ L
∗, 2λ ∈ L), Vλ+L (λ ∈ L
∗, 2λ /∈ L), V T,±L ,
where T is an irreducible Gσ-module.
Next, we will discuss intertwining operators between the irreducible
V σL -modules. For a vector space U , denote by
U{z} =
{∑
n∈Q
v(n)z
−n−1
∣∣∣v(n) ∈ U}
the space of U -valued formal series involving rational powers of z. Let
V be a vertex algebra, and M1,M2,M3 be V -modules, which are not
necessarily distinct. Recall from [FHL] that an intertwining operator of
type
(
M3
M1 M2
)
is a linear map Y : M1⊗M2 →M3{z}, or equivalently,
Y : M1 → Hom(M2,M3){z} ,
v 7→ Y(v, z) =
∑
n∈Q
v(n)z
−n−1 , v(n) ∈ Hom(M2,M3)
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such that v(n)u = 0 for n ≫ 0, and the Borcherds identity (2.3) holds
for a ∈ V, b ∈ M1 and c ∈ M2 with k ∈ Q and m,n ∈ Z. The
intertwining operators of type
(
M3
M1 M2
)
form a vector space denoted
VM3M1M2. The fusion rule associated with an algebra V and its modules
M1,M2,M3 is N
M3
M1M2
= dimVM3M1M2 .
The fusion rules for V σL and its irreducible modules were calculated
in [A1, ADL] to be either zero or one. In order to present their theorem,
we first introduce some additional notation. We assume that λ ∈ L∗ is
such that 2λ ∈ L, and we let
πλ,µ = (−1)
|λ|2|µ|2 , λ, µ ∈ L∗ ,(2.22)
cχ(λ) = (−1)
(λ|2λ)ε(λ, 2λ)s(2λ) .(2.23)
For any central character χ of Gσ, let χ
(λ) be the central character
defined by
(2.24) χ(λ)(Uα) = (−1)
(α|λ)χ(Uα) ,
and set T
(λ)
χ = Tχ(λ). Note that when χ = χµ and T = Tµ, we have
χ
(λ)
µ = χλ+µ and T
(λ)
µ = Tλ+µ.
The following theorem is a special case of Theorem 5.1 from [ADL].
Theorem 2.7 ([ADL]). Let L be a positive-definite even lattice and
λ ∈ L∗ ∩ 1
2
L. Then for two irreducible V σL -modules M2,M3 and for
ǫ ∈ {±}, the fusion rule of type
(
M3
V ǫλ+L M2
)
is equal to 1 if and only
if the pair (M2,M3) is one of the following:
(Vµ+L, Vλ+µ+L), µ ∈ L
∗, 2µ 6∈ L,
(V ǫ1µ+L, V
ǫ2
λ+µ+L), µ ∈ L
∗, 2µ ∈ L, ǫ1 ∈ {±}, ǫ2 = ǫ1ǫπλ,2µ,
(V
Tχ, ǫ1
L , V
T
(λ)
χ , ǫ2
L ), ǫ1 ∈ {±}, ǫ2 = cχ(λ)ǫ1ǫ.
In all other cases, the fusion rules of type
(
M3
V ǫλ+L M2
)
are zero.
3. Classification of irreducible modules
In this section, we prove our main result, the classification of all
irreducible modules over the orbifold vertex algebra V σQ . As before, Q
is a positive-definite even integral lattice and σ is an isometry of Q of
order 2.
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3.1. The sublattice Q¯. The map σ is extended by linearity to the
complex vector space h = C⊗Z Q. We will denote by
(3.1) π± =
1
2
(1± σ) , α± = π±(α)
the projections onto the eigenspaces of σ. Introduce the important
sublattices
(3.2) L± = h± ∩Q, L = L+ ⊕ L− ⊆ Q ,
where h± = π±(h). Note that h = h+⊕h− is an orthogonal direct sum.
Lemma 3.1. We have α± ∈ (L±)
∗ ⊆ L∗ for any α ∈ Q.
Proof. Indeed,
(α+|β) = (α+ + α−|β) = (α|β) ∈ Z
for all α ∈ Q, β ∈ L+ ⊆ Q. 
Observe that 2α± ∈ L± and |α±|
2 = 1
4
|2α±|
2 ∈ 1
2
Z for all α ∈ Q.
Lemma 3.2. For α ∈ Q, the following are equivalent:
(i) σ2(eα) = eα,
(ii) |α±|
2 ∈ Z,
(iii) (α|σα) ∈ 2Z.
Proof. Note that 4|α±|
2 = |α± σα|2 = 2|α|2 ± 2(α|σα), so that
|α±|
2 =
1
2
(α|σα) mod Z.
This shows the equivalence between (ii) and (iii).
Using (2.16), we find σ2(eα) = η(α)η(σα)eα. On the other hand, by
(2.9), (2.14) and (2.15), we have
η(α)η(σα) = ε(α, σα)ε(σα, α) = (−1)(α|σα).
This proves the equivalence between (i) and (iii). 
From now on, we let
(3.3) Q¯ = {α ∈ Q | (α|σα) ∈ 2Z} .
It is clear that Q¯ is σ-invariant.
Lemma 3.3. The subset Q¯ is a sublattice of Q of index 1 or 2.
Proof. For α, β ∈ Q, we have
(α− β|σα− σβ) = (α|σα) + (β|σβ) mod 2Z ,
since
(α|σβ) = (σα|σ2β) = (β|σα) .
Now if α, β ∈ Q¯ or α, β /∈ Q¯, then α− β ∈ Q¯. 
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As a consequence of Lemmas 3.1 and 3.2, we obtain:
Corollary 3.4. The lattices Zα± + L are integral for all α ∈ Q¯.
By definition, we have (VQ)
σ2 = VQ¯, and
(3.4) V σQ =
(
(VQ)
σ2
)σ
= V σQ¯ .
Therefore, we may assume that |σ| = 2 on VQ and only work with the
sublattice Q¯. For simplicity, we use Q instead of Q¯ for the rest of this
section.
3.2. Restricting the orbifold V σQ to V
σ
L . By [FHL, LL], we have that
the subalgebra VL of VQ is isomorphic to the tensor product VL+⊗VL−,
since L = L+ ⊕ L− is an orthogonal direct sum. Note that σ acts as
the identity operator on L+ and as −1 on L−. Then V
σ
L
∼= VL+ ⊗ V
+
L−
is a subalgebra of V σQ .
Proposition 3.5. Every V σQ -module is a direct sum of irreducible V
σ
L -
modules. In particular, V σQ has this form.
Proof. It is shown in Theorem 3.16 of [DLM2] that the vertex algebra
VL+ is regular, since L+ is positive definite. It is also shown in [A2,
ABD, DJL] that the vertex algebra V +L− is regular. Since the tensor
product of regular vertex algebras is again regular (Proposition 3.3 in
[DLM2]), we have that V σL
∼= VL+ ⊗ V
+
L−
is also regular. 
In order to obtain a precise description of V σQ , we will decompose VQ
as a direct sum of irreducible modules over V σL . This is done in two
steps. The first step is to break VQ as a direct sum of VL-modules,
using the cosets of Q modulo L. Since the lattice Q is integral, we have
Q ⊆ L∗ and we can view Q/L as a subgroup of L∗/L. It follows that
VQ =
⊕
γ+L∈Q/L
Vγ+L ,
where each Vγ+L is an irreducible VL-module [D1]. Writing γ = γ++γ−,
we get
Vγ+L ∼= Vγ++L+ ⊗ Vγ−+L−
as modules over VL ∼= VL+ ⊗ VL−. Therefore,
(3.5) VQ ∼=
⊕
γ+L∈Q/L
Vγ++L+ ⊗ Vγ−+L−
as VL-modules. Note that γ+ + L+ and γ− + L− depend only on the
coset γ +L and not on the representative γ ∈ Q, because α± ∈ L± for
α ∈ L.
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Since σγ− = −γ− and 2γ− ∈ L−, it follows that σ acts on the VL−-
module Vγ−+L−. The second step is to decompose each module Vγ−+L−
into eigenspaces for σ, which are irreducible as V +L−-modules [AD]. We
thus obtain the following description of V σQ .
Proposition 3.6. The orbifold V σQ decomposes as a direct sum of ir-
reducible V σL -modules as follows:
V σQ
∼=
⊕
γ+L∈Q/L
Vγ++L+ ⊗ V
η(γ)
γ−+L−
.(3.6)
Proof. Using (3.5), it is enough to determine the subspace Sγ of σ-
invariants in Vγ++L+ ⊗ Vγ−+L−, for a fixed γ ∈ Q. As a V
σ
L -module, Sγ
is generated by the element (cf. (2.16)):
(3.7) vγ = e
γ + η(γ)eσγ = eγ+ ⊗ (eγ− + η(γ)e−γ−) ∈ Vγ++L+ ⊗V
η(γ)
γ−+L−
.
Since Vγ++L+ ⊗ V
η(γ)
γ−+L−
is an irreducible V σL -module, it must be equal
to Sγ. 
From the study of tensor products in [FHL, LL], all irreducible mod-
ules over V σL
∼= VL+ ⊗ V
+
L−
are tensor products of irreducible modules
over the factors VL+ and V
+
L−
. By the results of [D1, DN, AD] reviewed
in Sections 2.5 and 2.6, we obtain that all irreducible V σL -modules have
the form:
(1) Vλ+L+ ⊗ Vµ+L−, where λ ∈ L
∗
+, µ ∈ L
∗
−, 2µ 6∈ L−,
(2) Vλ+L+ ⊗ V
±
µ+L−
, where λ ∈ L∗+, µ ∈ L
∗
−, 2µ ∈ L−,
(3) Vλ+L+ ⊗ V
T,±
L−
, where λ ∈ L∗+,
and T is an irreducible module for the group Gσ associated to the
lattice L−. We refer to the V
σ
L -modules obtained from untwisted VL-
modules as orbifold modules of untwisted type and the ones obtained
from twisted VL-modules as orbifold modules of twisted type.
3.3. Irreducible Modules over V σQ . In this subsection, we present
our main result, the explicit classification of irreducible V σQ -modules.
As a consequence, we will find all of them as submodules of twisted
or untwisted VQ-modules. Recall that, by (3.4), we can assume that
Q = Q¯.
Theorem 3.7. Let Q be a positive-definite even lattice, and σ be an
automorphism of Q of order two such that (α|σα) is even for all α ∈
Q. Then as a module over V σL
∼= VL+⊗V
+
L−
each irreducible V σQ -module
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is isomorphic to one of the following:⊕
γ+L∈Q/L
Vγ++λ+L+ ⊗ Vγ−+µ+L− (2µ 6∈ L−) ,(3.8)
⊕
γ+L∈Q/L
Vγ++λ+L+ ⊗ V
ǫη(γ)
γ−+µ+L−
(2µ ∈ L−) ,(3.9)
⊕
γ+L∈Q/L
Vγ++λ+L+ ⊗ V
T
(γ−)
χ ,ǫγ
L−
,(3.10)
where λ ∈ L∗+, µ ∈ L
∗
−, ǫ ∈ {±}, χ is a central character for the group
Gσ associated to L−, and ǫγ = ǫη(γ)cχ(γ−).
Proof. Let W be an irreducible V σQ -module. Then W is a V
σ
L -module
by restriction and, by Proposition 3.5, W is a direct sum of irreducible
V σL -modules. Suppose A ⊆ W is an irreducible V
σ
L -module, and define
A(γ) from A as follows. If
A = Vλ+L+ ⊗ Vµ+L−, Vλ+L+ ⊗ V
ǫ
µ+L−
, or Vλ+L+ ⊗ V
Tχ,ǫ
L−
,
then
A(γ) = Vλ+γ++L+ ⊗ Vµ+γ−+L−, Vλ+γ++L+ ⊗ V
ǫη(γ)
µ+γ−+L−
,
and Vλ+γ++L+ ⊗ V
T
(γ−)
χ ,ǫγ
L−
,
respectively, where ǫ ∈ {±} and ǫγ = ǫη(γ)cχ(γ−). We will consider
separately the untwisted and twisted types.
Let A be of untwisted type, i.e., one of the modules Vλ+L+ ⊗ Vµ+L−
for 2µ 6∈ L−, or Vλ+L+ ⊗ V
ǫ
µ+L−
for 2µ ∈ L−. Let B ⊆ W be another
irreducible V σL -module that is possibly of twisted type. By Proposition
3.6, V σQ is a direct sum of irreducible V
σ
L -modules generated by the
vectors vγ from (3.7), where γ ∈ Q. By restricting the field Y (vγ , z)
to A and then projecting onto B, we obtain an intertwining operator
of V σL -modules of type
(
B
V
η(γ)
γ+L A
)
. From the study of intertwining
operators in [ADL], we have that the intertwining operator Y (vγ , z)
can be written as the tensor product
Y (vγ, z) = Y (e
γ+ , z)⊗ Y (eγ− + η(γ)e−γ−, z),
where Y (eγ+ , z) is an intertwining operator of type
(
Vλ′+L+
Vγ++L+ Vλ+L+
)
and Y (eγ− + η(γ)e−γ− , z) is an intertwining operator of type(
Vµ′+L−
V
η(γ)
γ−+L−
Vµ+L−
)
or of type
(
V
±η(γ)
µ′+L−
V
η(γ)
γ−+L−
V ±µ+L−
)
. By [DL], the fusion
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rules for Y (eγ+ , z) are zero unless λ′ = λ+γ+. Since γ− ∈ L
∗
−∩
1
2
L− and
|γ−|
2 ∈ Z, we have that πγ−,2µ = 1 when 2µ ∈ L− (cf. (2.22)). Hence
the fusion rules for Y (eγ−+η(γ)e−γ− , z) are zero unless µ′ = µ+γ−, by
Theorem 2.7. Therefore, for γ + L ∈ Q/L, we have B = A(γ). Hence
A ⊆ W implies that
⊕
γ∈Q/LA
(γ) ⊆ W . Since W is irreducible, we
obtain that
W =
⊕
γ+L∈Q/L
A(γ).
Now let A = Vλ+L+ ⊗ V
Tχ,±
L−
and B ⊆W be another irreducible V σL -
module that is possibly of untwisted type. As above, the field Y (vγ , z)
gives rise to an intertwining operator of V σL -modules of type
(
B
V
η(γ)
γ+L A
)
and can be written as the tensor product
Y (vγ, z) = Y (e
γ+ , z)⊗ Y (eγ− + η(γ)e−γ−, z),
where Y (eγ+ , z) is an intertwining operator of type
(
Vλ′+L+
Vγ++L+ Vλ+L+
)
and Y (eγ− + η(γ)e−γ− , z) is an intertwining operator of type(
V
Tχ′ ,±ǫ
L−
V
η(γ)
γ−+L−
V
Tχ,±
L−
)
, where ǫ = cχ(γ)η(γ). As with the untwisted type,
the fusion rules for Y (eγ+ , z) are zero unless λ′ = λ+ γ+. By Theorem
2.7, the action of Y (eγ− , z) on V
Tχ
L−
is determined by computing cχ(γ−)
(cf. (2.23)) and is zero unless χ′ = χ(γ−). Since the lattice Zγ−+L− is
integral (by Corollary 3.4), the map ε can be extended to this lattice
with values ±1. Therefore ε(γ−, 2γ−) = ε(γ−, γ−)
2 = 1 and (2.23)
becomes cχ(γ−) = s(2γ−); see (2.19). Hence the eigenspace of each
summand in the V σQ -module may change depending on the signs of
each U2γ− . Therefore, B = A
(γ) and
W =
⊕
γ+L∈Q/L
A(γ).
This completes the proof. 
Theorem 3.8. Let Q be a positive-definite even lattice, and σ be an
automorphism of Q of order two such that (α|σα) is even for all α ∈
Q. Then every irreducible V σQ -module is a submodule of a VQ-module
or a σ-twisted VQ-module.
Proof. Let us consider first the untwisted case. By Theorem 3.7, any
irreducible V σQ -module W of untwisted type is given by (3.8) or (3.9)
when considered as a V σL -module by restriction. For a fixed γ ∈ Q, the
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nonzero fusion rules for Y (eγ+ , z) and Y (eγ− + η(γ)e−γ−, z) are equal
to 1 and the intertwining operators in [ADL] are given by the usual
formula (2.11) up to a scalar multiple. Using that
(γ|λ+ µ)− (σγ|λ+ µ) = (2γ−|λ+ µ) = (2γ−|µ) ∈ Z ,
we have that for some m ∈ Z,
Y (vγ, z)e
λ+µ = Y (eγ + η(γ)eσγ , z)eλ+µ
= z(γ|λ+µ)
(
E(γ, z)eγ+λ+µ + η(γ)zmE(σγ, z)eσγ+λ+µ
)
,
where
E(α, z) = exp
(∑
n<0
αn
z−n
−n
)
exp
(∑
n>0
αn
z−n
−n
)
contains only integral powers of z. This implies that (λ+ µ|γ) ∈ Z for
all γ ∈ Q, i.e., λ+µ ∈ Q∗. Then for the untwisted VQ-module Vλ+µ+Q,
we have that
Vλ+µ+Q =
⊕
γ+L∈Q/L
Vγ+λ+µ+L
∼=
⊕
γ+L∈Q/L
Vγ++λ+L+ ⊗ Vγ−+µ+L−
as a direct sum of irreducible VL-modules. Using the intertwining op-
erators in [ADL], we see that W is a submodule of the restriction of
Vλ+µ+Q to V
σ
Q .
Now we consider the twisted case. By Theorem 3.7, any irreducible
V σQ -module W of twisted type is given by (3.10) when considered as a
V σL -module by restriction. Then, for γ ∈ Q, the nonzero fusion rules for
Y (eγ+ , z) and Y (eγ− + η(γ)e−γ− , z) are equal to 1 and the intertwining
operators in [ADL] are given by the usual formula (2.17) up to a scalar
multiple. Since these scalars can be absorbed in Uγ , we will have (2.17)
without loss of generality. Therefore, the action of Y (eγ, z) on W can
be determined, so that its modes are linear maps
Vλ+L+ ⊗ V
Tχ,ǫ
L−
→ Vγ++λ+L+ ⊗ V
T
(γ−)
χ ,ǫγ
L−
(ǫ ∈ {±}) ,
where ǫγ = ǫcχ(γ)η(γ) (cf. (3.10)). Hence the σ-twisted VQ-module is
given by ⊕
γ+L∈Q/L
Vγ++λ+L+ ⊗ V
T
(γ−)
χ
L−
and its restriction to V σQ contains W . 
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4. Root lattices and Dynkin diagram automorphisms
In this section, we present examples of the lattice Q being a root
lattice of type ADE, corresponding to the simply-laced simple Lie al-
gebras. We use the classification from [D1, DN, AD] and the construc-
tion of twisted modules from Section 2.5 to construct explicitly all
irreducible V σQ -modules. In each case, a correspondence between the
two constructions is shown. In order to apply Theorems 3.7 and 3.8, we
first calculate Q¯ and L. Then the twisted VL-modules are found. When
necessary, the intertwiners from [ADL] are used to construct the V σQ -
modules. The untwisted and twisted VQ¯-modules are calculated using
(Q¯)∗/Q¯ and its σ-invariant elements. For more details and additional
examples, the reader is referred to [E].
4.1. A2 root lattice with a Dynkin diagram automorphism.
Consider the A2 simple roots {α1, α2}, the associated root lattice Q =
Zα1 + Zα2, and the Dynkin diagram automorphism σ : α1 ↔ α2. The
case of An root lattice for even n is similar and is treated in [E].
Set α = α1 + α2 and β = α1 − α2. Then
|α|2 = 2 , |β|2 = 6 , (α|β) = 0 ,
and
L+ = Zα , L− = Zβ , Q¯ = L = L+ ⊕ L− .
Therefore,
V σQ = V
σ
Q¯ = V
σ
L
∼= VZα ⊗ V
+
Zβ .
Using the results of [FHL, D1, DN], we obtain a total of 20 distinct
irreducible V σL -modules:
VZα ⊗ V
±
Zβ , Vα2+Zα ⊗ V
±
Zβ ,
VZα ⊗ V
±
β
2
+Zβ
, Vα
2
+Zα ⊗ V
±
β
2
+Zβ
,
VZα ⊗ Vβ
6
+Zβ , Vα2+Zα ⊗ Vβ6+Zβ
,
VZα ⊗ Vβ
3
+Zβ , Vα2+Zα ⊗ Vβ3+Zβ
,
VZα ⊗ V
Tj ,±
Zβ , Vα2+Zα ⊗ V
Tj ,±
Zβ (j = 1, 2) ,
where T1, T2 denote the two irreducible modules over the group Gσ
associated to the lattice Zβ. They are 1-dimensional and on them
Uβ = ±i/64 by (2.19).
On the other hand, by Dong’s Theorem [D1], the irreducible VL-
modules have the form Vλ+L (λ + L ∈ L
∗/L). If σ(λ + L) = λ + L,
the module Vλ+L breaks into eigenspaces V
±
λ+L of σ; otherwise, σ is
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an isomorphism of V σL -modules Vλ+L → Vσ(λ)+L. Thus, there are 12
distinct irreducible V σL -modules of untwisted type:
V ±L , V
±
α
2
+L , V
±
β
2
+L
, V ±α
2
+β
2
+L
,
Vβ
6
+L , Vβ
3
+L , Vα
2
+β
6
+L , Vα
2
+β
3
+L .
The correspondence of these modules to those above is given by:
Vmα+nβ+L ∼= Vmα+L+ ⊗ Vnβ+L− (m,n ∈ Q) .
Now we will construct the σ-twisted VL-modules using Section 2.5.
Consider the irreducible modules over the group Gσ associated to the
lattice L. One finds that on them Uβ = ±i/64 and Uα acts freely.
Hence, such modules can be identified with the space P = C[q, q−1],
where Uα acts as a multiplication by q. Then on P we have:
eπiα(0) = s1 , Uα = q , Uβ = s2
i
64
,
where the signs s1, s2 ∈ {±} are independent. The corresponding four
Gσ-modules will be denoted as P(s1,s2). The irreducible σ-twisted VL-
modules have the form Fσ ⊗ P(s1,s2), where Fσ is the σ-twisted Fock
space (see (2.12)). Next, we restrict the σ-twisted VL-modules to V
σ
L .
The automorphism σ acts on each P(s1,s2) as the identity operator, since
σ(qn) = σ(Unα · 1) = U
n
α · 1 = q
n .
We obtain 8 irreducible V σL -modules of twisted type:
F±σ ⊗ P(s1,s2) , s1, s2 ∈ {±} ,
where F±σ are the ±1-eigenspaces of σ. We have the following corre-
spondence among irreducible V σL -modules of twisted type:
F±σ ⊗ P(+,+)
∼= VZα ⊗ V
T1,±
Zβ , F
±
σ ⊗ P(−,+)
∼= Vα
2
+Zα ⊗ V
T1,±
Zβ ,
F±σ ⊗ P(+,−)
∼= VZα ⊗ V
T2,±
Zβ , F
±
σ ⊗ P(−,−)
∼= Vα
2
+Zα ⊗ V
T2,±
Zβ .
4.2. A2 root lattice with the negative of a Dynkin diagram au-
tomorphism. Consider now the negative Dynkin diagram automor-
phism φ = −σ. Keeping the notation from the previous subsection, we
have: L+ = Zβ, L− = Zα, and
V φQ
∼= VZβ ⊗ V
+
Zα .
Furthermore, L∗+/L+ = Z
β
6
/Zβ and
(
L∗−/L−
)φ
= L∗−/L− = Z
α
2
/Zα.
Thus, using the results of [FHL, D1, DN], we obtain a total of 48
distinct irreducible V φQ -modules:
Viβ
6
+Zβ ⊗ V
±
Zα , Viβ
6
+Zβ ⊗ V
±
α
2
+Zα , Viβ
6
+Zβ ⊗ V
Tj ,±
Zα ,
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where i = 0, . . . , 5 and j = 1, 2.
4.3. A3 root lattice with a Dynkin diagram automorphism.
Consider the A3 simple roots {α1, α2, α3}, the root lattice Q = Zα1 +
Zα2 + Zα3, and the Dynkin diagram automorphism σ : α1 ↔ α3,
α2 ↔ α2. The case of An root lattice for odd n is similar and is
treated in [E].
Set α = α1 + α3 and β = α1 − α3. Then Q¯ = Q and
L+ = Zα + Zα2 , L− = Zβ , Q/L = {L, α1 + L} .
Hence, by Proposition 3.6,
V σQ
∼=
(
VL+ ⊗ V
+
Zβ
)
⊕
(
Vα
2
+L+ ⊗ V
+
β
2
+Zβ
)
.
It follows from Theorems 2.7 and 3.7 that the irreducible V σQ -modules
are given by: (
VL+ ⊗ V
±
Zβ
)
⊕
(
Vα
2
+L+ ⊗ V
±
β
2
+Zβ
)
,(
VL+ ⊗ V
±
β
2
+Zβ
)
⊕
(
Vα
2
+L+ ⊗ V
±
Zβ
)
,(
Vα2
2
+L+ ⊗ Vβ4+Zβ
)
⊕
(
Vα2
2
+α
2
+L+ ⊗ Vβ4+Zβ
)
(
VL+ ⊗ V
T1,±
Zβ
)
⊕
(
Vα
2
+L+ ⊗ V
T1,±
Zβ
)
,(
VL+ ⊗ V
T2,±
Zβ
)
⊕
(
Vα
2
+L+ ⊗ V
T2,∓
Zβ
)
,
where Uβ = (−1)
j/16 on Tj for j = 1, 2 (see (2.19)).
On the other hand, by Dong’s Theorem [D1], the irreducible VQ-
modules have the form Vλ+Q (λ+Q ∈ Q
∗/Q). We have
Q∗/Q = {Q, λ1 +Q, 2λ1 +Q, 3λ1 +Q} ,
where
λ1 =
1
4
(3α1 + 2α2 + α3) .
Note that Q and 2λ1 +Q =
α
2
+Q are σ-invariant, while σ(λ1 +Q) =
3λ1+Q. Thus, there are 5 distinct irreducible V
σ
Q -modules of untwisted
type:
V ±Q , V
±
α
2
+Q , Vλ1+Q .
We have the following correspondence:
V ±Q
∼=
(
VL+ ⊗ V
±
Zβ
)
⊕
(
Vα
2
+L+ ⊗ V
±
β
2
+Zβ
)
,
V ±α
2
+Q
∼=
(
VL+ ⊗ V
±
β
2
+Zβ
)
⊕
(
Vα
2
+L+ ⊗ V
±
Zβ
)
,
Vλ1+Q
∼=
(
Vα2
2
+L+ ⊗ Vβ
4
+Zβ
)
⊕
(
Vα2
2
+α
2
+L+ ⊗ Vβ
4
+Zβ
)
.
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We now construct the σ-twisted VQ-modules using Section 2.5. Con-
sider the irreducible modules over the groupGσ associated to the lattice
Q. We find from (2.19) that on them Uβ = ±1/16, and there are two
such modules, P1 and P2, corresponding to Uβ = −1/16 and Uβ = 1/16,
respectively. For both j = 1, 2, we can identify Pj = C[q, q
−1, p, p−1] so
that
Uα1 = q , Uα2 = p(−1)
q ∂
∂q .
Then on Pj we have:
Uα3 = (−1)
j+1q , Uα = (−1)
j+14q2 , Uβ =
(−1)j
16
.
The automorphism σ acts on each of these modules: σ is the identity
operator on P1, while on P2 we have σ = (−1)
q ∂
∂q . Hence, P2 decom-
poses into two eigenspaces P±2 with eigenvalues ±1. The irreducible
σ-twisted VQ-modules have the form Fσ ⊗ Pj for j = 1, 2, where Fσ
is the σ-twisted Fock space (see (2.12)). Since Fσ itself decomposes
into ±1-eigenspaces of σ, we obtain 4 distinct irreducible V σQ -modules
of twisted type:
(
Fσ ⊗ P1
)±
= F±σ ⊗ P1 ,(
Fσ ⊗ P2
)±
=
(
F±σ ⊗ P
+
2
)
⊕
(
F∓σ ⊗ P
−
2
)
.
We have the following correspondence:
(
Fσ ⊗ P1
)± ∼= (VL+ ⊗ V T1,±Zβ )⊕ (Vα2+L+ ⊗ V T1,±Zβ ) ,(
Fσ ⊗ P2
)± ∼= (VL+ ⊗ V T2,±Zβ )⊕ (Vα2+L+ ⊗ V T2,∓Zβ ) .
4.4. A3 root lattice with the negative of a Dynkin diagram au-
tomorphism. Consider now the negative Dynkin diagram automor-
phism, φ = −σ. With the notation from the previous subsection, we
have:
L+ = Zβ , L− = Zα + Zα2 ,
(
L∗−/L−
)φ
= L∗−/L− ,
and
V φQ
∼=
(
VZβ ⊗ V
+
L−
)
⊕
(
Vβ
2
+Zβ ⊗ V
+
α
2
+L−
)
.
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By Theorem 3.7, the irreducible V φQ -modules of untwisted type are
given by: (
VZβ ⊗ V
±
L−
)
⊕
(
Vβ
2
+Zβ ⊗ V
±
α
2
+L−
)
,(
VZβ ⊗ V
±
α
2
+L−
)
⊕
(
Vβ
2
+Zβ ⊗ V
±
L−
)
,(
Vβ
4
+Zβ ⊗ V
±
α2
2
+L−
)
⊕
(
V 3β
4
+Zβ ⊗ V
±
α+α2
2
+L−
)
,(
Vβ
4
+Zβ ⊗ V
±
α+α2
2
+L−
)
⊕
(
V 3β
4
+Zβ ⊗ V
±
α2
2
+L−
)
,
and the ones of twisted type are:(
VZβ ⊗ V
T1,±
L−
)
⊕
(
Vβ
2
+Zβ ⊗ V
T1,±
L−
)
,(
VZβ ⊗ V
T2,±
L−
)
⊕
(
Vβ
2
+Zβ ⊗ V
T2,∓
L−
)
.
4.5. Dn root lattice with a Dynkin diagram automorphism.
Consider the Dn simple roots {α1, . . . , αn}, where n ≥ 4, the root
lattice Q, and the Dynkin diagram automorphism σ : αn−1 ↔ αn and
αi ↔ αi for i = 1, . . . , n − 2. This case is similar to the A3 case
discussed in Section 4.3, so we will be brief (see [E] for details).
Set α = αn−1 + αn and β = αn−1 − αn. Then
L+ = Zα +
n−2∑
i=1
Zαi , L− = Zβ , Q = Q¯ ,
and
Q/L = {L, αn−1 + L} .
Hence, by Proposition 3.6,
V σQ
∼=
(
VL+ ⊗ V
+
Zβ
)
⊕
(
Vα
2
+L+ ⊗ V
+
β
2
+Zβ
)
.
By Theorems 2.7 and 3.7, the irreducible V σQ -modules are given by:(
VL+ ⊗ V
±
Zβ
)
⊕
(
Vα
2
+L+ ⊗ V
±
β
2
+Zβ
)
,(
VL+ ⊗ V
±
β
2
+Zβ
)
⊕
(
Vα
2
+L+ ⊗ V
±
Zβ
)
,(
Vn−1
4
α+θ+L+
⊗ Vβ
4
+Zβ
)
⊕
(
Vn+1
4
α+θ+L+
⊗ Vβ
4
+Zβ
)
,(
VL+ ⊗ V
T1,±
Zβ
)
⊕
(
Vα
2
+L+ ⊗ V
T1,±
Zβ
)
,(
VL+ ⊗ V
T2,±
Zβ
)
⊕
(
Vα
2
+L+ ⊗ V
T2,∓
Zβ
)
,
where θ = 1
2
∑⌊n−3
2
⌋
i=0 α2i+1 and Uβ = (−1)
j/16 on Tj for j = 1, 2.
On the other hand, note that
Q∗/Q =
{
Q,
α
2
+Q, λn−1 +Q, λn +Q
}
,
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where
λn−1 =
1
2
(
α1 + 2α2 + · · ·+ (n− 2)αn−2 +
1
2
nαn−1 +
1
2
(n− 2)αn
)
and λn = σ(λn−1). Using Dong’s Theorem [D1], we obtain 5 distinct
irreducible V σQ -modules of untwisted type:
V ±Q , V
±
α
2
+Q , Vλn−1+Q .
We have the following correspondence:
V ±Q
∼=
(
VL+ ⊗ V
±
Zβ
)
⊕
(
Vα
2
+L+ ⊗ V
±
β
2
+Zβ
)
,
V ±α
2
+Q
∼=
(
VL+ ⊗ V
±
β
2
+Zβ
)
⊕
(
Vα
2
+L+ ⊗ V
±
Zβ
)
,
Vλn−1+Q
∼=
(
Vn−1
4
α+θ+L+
⊗ Vβ
4
+Zβ
)
⊕
(
Vn+1
4
α+θ+L+
⊗ Vβ
4
+Zβ
)
.
We now construct the irreducible σ-twisted VQ-modules using Sec-
tion 2.5. There are two irreducible Gσ-modules, P1 and P2, and both
can be identified with C[p±11 , . . . , p
±1
n−1] as vector spaces. The action of
Gσ on Pj is determined by:
Uαi = pi(−1)
pi+1
∂
∂pi+1 , i = 1, . . . , n− 2 ,
Uαn−1 = pn−1 , Uαn = (−1)
j+1pn−1 ,
Uα = (−1)
j+14p2n−1 , Uβ =
(−1)j
16
.
The automorphism σ acts as the identity operator on P1, and as (−1)
q ∂
∂q
on P2. We obtain 4 distinct irreducible V
σ
Q -modules of twisted type:
F±σ ⊗ P1 ,
(
Fσ ⊗ P2
)±
=
(
F±σ ⊗ P
+
2
)
⊕
(
F∓σ ⊗ P
−
2
)
,
and we have the following correspondence:(
Fσ ⊗ P1
)± ∼= (VL+ ⊗ V T1,±Zβ )⊕ (Vα2+L+ ⊗ V T1,±Zβ ) ,(
Fσ ⊗ P2
)± ∼= (VL+ ⊗ V T2,±Zβ )⊕ (Vα2+L+ ⊗ V T2,∓Zβ ) .
4.6. E6 root lattice with a Dynkin diagram automorphism.
Consider the E6 Dynkin diagram with the simple roots {α1, . . . , α6}
labeled as follows:
α6
α1 α2 α3 α4 α5
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Let Q be the root lattice, and σ be the Dynkin diagram automor-
phism α1 ↔ α5, α2 ↔ α4, with fixed points α3 and α6. Set
α1 = α1 + α5 , β
1 = α1 − α5 , α
2 = α2 + α4 , β
2 = α2 − α4 .
Then we have: Q = Q¯,
L+ = Zα
1 + Zα2 + Zα3 + Zα6 , L− = Zβ
1 + Zβ2 ,
and
Q/L = {L, α1 + L, α2 + L, α1 + α2 + L} .
Hence, by Proposition 3.6,
V σQ
∼=
(
VL+ ⊗ V
+
L−
)
⊕
(
Vα1
2
+L+
⊗ V +
β1
2
+L−
)
⊕
(
Vα2
2
+L+
⊗ V +
β2
2
+L−
)
⊕
(
Vα1+α2
2
+L+
⊗ V +
β1+β2
2
+L−
)
.
There are 3 distinct irreducible V σQ -modules of untwisted type:(
VL+ ⊗ V
±
L−
)
⊕
(
Vα1
2
+L+
⊗ V ±
β1
2
+L−
)
⊕
(
Vα2
2
+L+
⊗ V ±
β2
2
+L−
)
⊕
(
Vα1+α2
2
+L+
⊗ V ±
β1+β2
2
+L−
)
,(
VL+ ⊗ Vµ2+L−
)
⊕
(
Vα1
2
+L+
⊗ V
µ2+
β1
2
+L−
)
⊕
(
Vα2
2
+L+
⊗ V
µ2+
β2
2
+L−
)
⊕
(
Vα1+α2
2
+L+
⊗ V
µ2+
β1+β2
2
+L−
)
,
where µ2 =
1
3
(β1 + 2β2). To describe the ones of twisted type, notice
that the group Gσ associated to L− is abelian and its characters χ are
determined by χ(Uβi) where i = 1, 2. The latter are given by (2.19)
with s(βi) = si ∈ {±1}. Thus we obtain 8 distinct irreducible V
σ
Q -
modules of twisted type:(
VL+ ⊗ V
Tχ,±
L−
)
⊕
(
Vα1
2
+L+
⊗ V
Tχ,±s1
L−
)
⊕
(
Vα2
2
+L+
⊗ V
Tχ,±s2
L−
)
⊕
(
Vα1+α2
2
+L+
⊗ V
Tχ,±s1s2
L−
)
.
We now describe the irreducible σ-twisted VQ-modules using Section
2.5. The irreducible modules over the group Gσ associated to Q can
be identified with the vector space P = C[q±11 , q
±1
2 , q
±1
3 , q
±1
4 ], so that:
Uα1 = q1(−1)
∂
∂q2 , Uα2 = q2(−1)
∂
∂q3 ,
Uα3 = q3(−1)
∂
∂q4 , Uα6 = q4 .
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In fact, there are 4 such modules depending on the signs of Uβi ; for
each s1, s2 ∈ {±1}, we have:
Uα4 = −s2q2(−1)
∂
∂q3 , Uα5 = −s1q1(−1)
∂
∂q2 ,
Uαi = −si4q
2
i , Uβi = si
1
16
.
The corresponding Gσ-module will be denoted Pχ where χ = (s1, s2).
The automorphism σ acts on Pχ by:
σ(qi) = −siqi , i = 1, 2 .
The irreducible σ-twisted VQ-modules have the form Fσ⊗Pχ, and they
give rise to 8 irreducible V σQ -modules of twisted type:(
Fσ ⊗ Pχ
)±
, χ = (s1, s2) , s1, s2 ∈ {±1} .
They correspond to the above modules of twisted type with the same
characters χ.
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